Yang-Mills potentials which generate the same non-abelian magnetic field are, in three dimensions, related to torsion free driebeins. We argue that such gauge field copies are labeled by a triplet of functions and are related to each other by a local SO(3) group of transformations distinct from the gauge transformations, however, within a particular gauge, there are no (continuous class of) gauge field copies. We also present conditions for an arbitrary isovector vector field to be a non-abelian magnetic field.
Wu and Yang [1] gave an explicit example of two (gauge inequivalent) Yang-Mills potentials A i (x) = {A a i (x), a = 1, 2, 3} generating the same non-abelian magnetic field
Since then there has been a wide discussion of the phenomenon in the literature [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . We may refer to gauge potentials giving the same non-abelian magnetic field, as gauge field copies in contrast to gauge equivalent potentials which generate magnetic fields related by a homogeneous gauge transformation. If we require all higher covariant derivatives of B a i also match then there are effectively no gauge copies [11] . In each of the space dimensions d = 1, 2, 3 this phenomenon has a different manifestation. At present the phenomenon is not understood in it's generality for d=3. Recently Freedman and Khuri [15] have exhibited several examples of continuous families of gauge field copies in d=3. Their technique was to use a local map of the gauge field system into a spatial geometry with a second rank symmetric tensor G ij = B a i B a j detB and a connection with torsion constructed from it. Here also, we concentrate on continuous families of gauge field copies. We show that d = 3 has a rich structure and there is an intimate relation to general relativity, in particular to torsion free driebeins. We argue that there is a 'local' SO(3) group of non-linear transformations of any Yang-Mills potential that leaves B i (x) invariant. If B i (x) = 0 in some region, then gauge field copies in that region are just local gauge transformations of zero potential :
where σ are the Pauli matrices and U's are SU(2) matrices). Thus in this case the gauge field copies are just the usual local gauge transformations of the potential. We find that even when A i is not gauge equivalent to zero, the gauge field copies are related by a local SO(3) group of transformations. However the transformations are distinct from the usual local gauge transformations of A i (x).
Let two infinitesimally close potentials A i and A i + ǫ e i give the same B a i (x). Then e i satisfies the linear equation
Note that this is the condition [17] for a driebein e k to be torsion free with respect to the connection one form ω
Thus the gauge field copies are intimately related to the torsion free driebeins.
We may obtain a consistency condition for such driebeins e k by taking the covariant divergence of equation (2) . We get
Such a consistency condition for gauge potentials that are not necessarily close to each other has been obtained from the Bianchi identity by many authors [4] [5] [6] [7] . In regions where detB
|| is non-zero, we may uniquely define a second rank tensor e lk by e If A = 0 in some region then equation (2) has the solution e k = ∂ k φ in that region, where φ(x) are arbitrary functions. Even when A = 0 the solutions of equation (2) are labeled by an arbitrary triplet of functions φ(x). A way of doing this is to rewrite equation (2) as an integral equation
In this case ∂ 2 φ = ∂ i e i , and we get e i as a non-local linear functional of φ in general. We represent this solution by
[A](x, y) provide a basis for the solutions of (2). Alternatively note that for the linear equation (2) we can obtain solutions e 
Thus the gauge field copies are labeled by a triplet of functions φ a (x) as are the gauge equivalent configurations.
Under the infinitesimal transformation
the magnetic field B i [A] is invariant (to O(ǫ 2 )). We now consider the effect of two successive transformations. Under a second transformation labeled by ǫ ′ φ ′ , the above gauge copy goes to
Considering the transformations in the reverse order and subtracting, we get, for the commutator of the transformations,
We now show thatẽ a i (x) satisfies equation (2) . Taking a functional derivative of equation (2), we get
Thus
which is zero. Thereforeẽ
If we use the basis (6), it is clear that the composition law is local, in the sense that φ ′′ (x) can be a function of only the values of φ, φ ′ and (a finite set of) their derivatives at x. We now obtain this composition law. When B i = 0, the gauge field copies are,
. Thus we get the composition law
which correspond to the local SO(3) group. The integral equation (4) 
In the U(1) case, the corresponding PB would imply that ∂ i E i (x) commutes with the magnetic field. The corresponding variables which commute with B a i (x) in the Yang-Mills theory are
They have the algebra
as follows from (9) and (12). This is the local SO(3) lie algebra. E a (x) are the generators of the gauge field copies. They are to be compared with D i [A]E i (x), the generators of the gauge field transformations which also form a local SO(3) group.
We are now able to present the conditions for a given isovector vector field V 
Since C +ǫe[C, φ] also gives the same B i [C], we have such a Bianchi identity for every e[C, φ].
Taking the difference of these Bianchi identities, we get,
where sum over i is presumed. In case e a i as a 3 × 3 matrix is invertible, the condition is that v ij [C, φ] should be a symmetric tensor, where v ij is obtained by lowering the index a using the driebein e a i :
Note that a single non-abelian gauss law such as (16) is not a constraint at all on V a i in contrast to the abelian case. Indeed given any V a i we may construct many "gauge potentials" C with respect to which V satisfies the condition (16) . This is easy to demonstrate in case the 3×3 matrix V a i is non-singular. Consider V ab such that it's antisymmetric part is related to the divergence of V a i :
Given any such V ab , construct the gauge potential (16) is satisfied. Thus for any V a i , there is a class of gauge potentials with six degrees of freedom at each x with respect to which (16) is satisfied. Only if all gauge field copies of one such C lie in this class, can V a i be a non-abelian magnetic field of that C. We now briefly comment on some of the implications of the gauge field copies. In nonabelian gauge theories it is of interest [7, 16, 19, 20] to make a change of dynamical variables from A (4)). If we consider R 3 and fields falling off sufficiently rapidly, then the only solution is φ a (x) = 0, i.e. there are no gauge field copies within a particular gauge choice. (We have ignored the Gribov ambiguity [21] in this discussion.) This also means that there is no gauge field enhancement [7] i.e. anomalous enhancement in the contribution of certain Yang-Mills potentials to the functional integral, because they have gauge field copies in excess over the other potentials. These results are useful for the construction of non-abelian analogs of the Hodge decomposition and duality transformation for the Yang-Mills theory.
We have related the gauge field copies of the Yang-Mills theory to torsion free driebeins. We have argued that there is a large class of such copies labeled by an arbitrary triplet of functions. They are also related by a local SO(3) group of transformations. One way to avoid this phenomenon is to fix a gauge. In a particular gauge, there are no gauge field copies. We have also obtained the conditions for an isovector vector field to be a non-abelian magnetic field.
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